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The relatiue merits of uarious approaches using computer simulation methods for 
estimating first-order correction terms to Henry’s law in dilute supercritical mixtures are 
investigated. Three thermodynamic formulations are provided for the calculation of 
these properties. One method, termed the fluctuation integral approach, requires the 
explicit calculation of solute - solvent pair correlation functions at the infinite dilution 
limit, which is a difsicult task for simulations given the conflicting demands of both 
small numbers of solute species (for approximating the infinite dilution limit) as well as 
the need for large numbers of solute species to improue simulation statistics. A second 
approach, called the pressure gradient method, does not require the explicit determina- 
tion of these solute - solute $fictions and, as a result, is not as sensitiue to the choice of 
system size and other difsiculties associated with establishing an adequate ensemble size 
and/or number of solute species to be used in the simulations. The third approach uses 
the exact formulation for the property of interest using Kirkwood-Buff theory. This 
approach, howeuer, requires all the solute pair correlation functions to be established, 
making it the most sensitiue to issues concerning number of solute species used in the 
simulations, and so on. An example is giuen showing simulation results for these ap- 
proaches, illustrating their respective strengths and drawbacks. 

Introduction 
The use of computer simulation techniques to study the 

thermodynamic behavior of dilute supercritical fluid solu- 
tions has become an important problem in the simulation field 
(Shing and Gubbins, 1981; Shing and Chung, 1987; Wu et al., 
1990; Petsche and Debenedetti, 1991; Chialvo and 
Debenedetti, 1992; Li et al., 1993; Munoz and Chimowitz, 
1993a,b; Munoz et al., 1995). These solutions are invariably 
extremely dilute, with solute mole fractions typically of the 
order low4, and the infinite dilution limit of solute properties 
are often the target quantities of the simulation results. These 
simulations usually approximate the solute’s infinite dilution 
limit by using one solute species immersed in an ensemble 
where the balance of the molecules are solvent. However, in 
many situations the use of a single solute molecule is not 
sufficient to calculate the property of interest accurately. A 
good example of this concerns the calculation of correction 
factors to the Henry’s law approximation (which is based upon 
the solute’s infinite dilution limit) for estimating solubilities 
in these systems. This subject has drawn the interest of sev- 
eral researchers (Debenedetti and Kumar, 1986; Shing and 

Chung, 1988; Brennecke et al., 1990; Munoz and Chimowitz, 
1992; Jonah and Cochran, 1993; Munoz et al., 1995) con- 
cerned with the general applicability of properties based upon 
the solute’s infinite dilution limit in supercritical solutions. 
For example, Munoz and Chimowitz (1993b) and Munoz et 
al. (19951, using integral equation calculations in model flu- 
ids, showed that in the solvent’s near-critical region these 
correction terms are of a very significant magnitude. The 
central property for evaluating the first-order asymptotic cor- 
rections to;he Henry’s law result is the quantity given by K, ,  
= - ( d  In ~ $ , / d x , ) ;  p .  Here f ,  is the solute’s fugacity coeffi- 
cient, denotes infinite dilution, and x1 is the mole fraction 
of solute species 1. The main goal of this article is to discuss 
shortcomings and potential remedies for the use of computer 
simulation in calculating K , ,  in dilute solutions. The most 
difficult part of this calculation is finding an accurate value 
for the solute-solute fluctuation integral defined by GT,, 
where GY, = /”(g,, - 1) dV. There are several reasons why 
the calculation of Gyl is not straightforward in near-critical 
mixtures. Recent results have shown that these solute-solute 

2300 October 1995 Vol. 41, No. 10 AIChE Journal 



pair correlation functions have high first peaks, representa- 
tive of solute clustering in the solution (Wu et al., 1990; 
Chialvo and Debenedetti, 1992; Munoz et al., 1995) and in 
addition, the correlation length for g,, becomes very large in 
the solvent’s near-critical region. This implies that its deter- 
mination at long range is especially difficult given the con- 
flicting need to maintain small numbers of solute molecules 
to approximate the infinite dilution limit accurately and the 
concomitant requirement for large numbers of solute species 
to promote better statistics for the simulations. The resolu- 
tion of this dilemma is important, given the need to keep 
reasonable ensemble sizes for these simulations with finite 
and often expensive computational resources available. 

These issues were addressed recently (Chialvo and 
Debenedetti, 1992; Munoz et al., 1995); however, how these 
objectives can be accomplished without using extraordinarily 
large sample sizes remains an open question. In this article, 
we discuss two new methods for approaching this problem 
using computer simulation in dilute supercritical mixtures. 

Theory 
First-order corrections to the infinite dilution limit of so- 
lute fugacity coeficients 

In a binary solute-solvent system, for example, the solute’s 
fugacity coefficient to first order in composition is given by 
(Debenedetti and Kumar, 1986; Chialvo, 1993; Jonah and 
Cochran, 1993; Munoz et al., 1995): 

where 

The solubility of the solute corrected to first order from 
Henry’s law result is given by 

(3) 

The term K , ,  is positive in near-critical solutions diverging 
only at the critical point itself (Munoz et al., 1995). It can be 
related to correlation function integrals in the Kirkwood-Buff 
theory (19.511, which provides that 

where p is the number density of the system and the correla- 
tion fluctuation integrals Gjj are defined by 

G,, (gi, - 1) dV. L 

Here g j j  is the pair correlation function of molecule species i 
and j .  Although Eq. 4 provides a simple expression for K, , ,  it 
is not useful as stated for computer simulation techniques 
owing to the inherent difficulty of calculating G;, in ex- 
tremely dilute systems as shown in subsequent results. Good 
statistics of this calculation requires a reasonably large num- 
ber of solute species, which implies the need for large ensem- 
ble sizes to maintain a close approximation to the infinite 
dilution limit. Choosing an adequate number of solute species 
and the concomitant ensemble size for these calculations is 
therefore not straightforward but involves artful judgment as 
well as trial-and-error. As a result we reformulate this prob- 
lem to sidestep these issues. 

Alternatiue formulations for simulations of K,, at super- 
critical conditions 

In their treatment of synergistic effects in supercritical so- 
lutions, Munoz and Chimowitz (1993b) defined K , ,  as: 

Note that G I I  is different from G,, in the Kirkwood-Buff 
theory, In the infinite dilution limit, x 1  -+ 0 and x2  + 1, the 
functions 6,’ and fl, are given by 

and 

m F,,  = (C,, + c,, -2C , , )  , 

where K; is the isothermal compressibility in the infinite di- 
lution and Cii are integrals of the direct correlation functions 
c j i ( r )  defined as (O’Connell, 1971): 

In their integral equation study of dilute near-critical solu- 
tions Munoz and Chimowitz (1993a,b) showed that PI, is 
likely to be extremely small compared to G I , ,  especially in 
the near-critical region where the compressibility dominates 
other terms in Eq. 7. A typical set of these results from the 
prior study is shown in Figure 1 for solvation in a binary mixed 
solvent at its azeotropic composition along its critical 
isotherm. The critical azeotrope in a binary mixed solvent 
system shares many features with the pure fluid critical point, 
including a diverging isothermal compressibility that is cen- 
tral to the results given below. These considerations imply 
that in the near-critical regime Eq. 6 can be simplified to 

(10) 
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pFl” - 1 

(14) 

leading to two formulations for K,, in supercritical solutions. 
Using Eqs. 10 and 

13, K, ,  can be expressed as 

p[1+  x 2  p(G22 - G12)l 
x1 + o i P [ X ,  + ~2 + ~ 1 x 2  piGI1 + G22 -2G12)I 

= lim 

= p(GY2 - GT2) 

Pressure Gradient Representation of Kll.  

Figure 1. 

9 
Fll, Gll, and K,, as a function of reduced 
density p*, along the isotherm of the critical 
azeotrope of the mixed solvent. 
From Munoz and Chimowitz (lY93b). 

This approximation was given by Debenedetti and Chialvo 
(1992) in their molecular dynamics study of dilute supercriti- 
cal solutions. Equation 10 can be recast using a thermody- 
namic identity for (dp/d~,)T,~ given by 

Therefore Eq. 10 can be rewritten as 

i l l )  

(12) 

The terms K; and pv,” - 1 at x1 + 0 can be expressed using 
the Kirkwood-Buff theory 

and 

(13) 

Correlation Fluctuation Integral Representation of K,l. 
ing Eqs. 12, 13 and 14, K, ,  can simply be expressed as 

Us- 

Furthermore, using Eqs. 4 and 16, GT, can be recovered by 
the identity: 

We proceed to analyze both of these equations for finding 
K,, using simulations in dilute near-critical solutions. Prior 
to presenting computational results, however, let us look at 
the qualitative differences between Eqs. 15 and 16. Neither 
equation involves the solute-solute correlation fluctuation 
integral, which is the most difficult of the three integrals to 
calculate accurately. Equation 16, however, still requires that 
GT2 be found, while this is not the case with Eq. 15. Since 
GT2 involves solute-solvent correlations, it is likely to be more 
difficult to establish accurately than GY2, for example, which 
involves solvent species that are present in significant num- 
bers in the dilute system. Hence Eq. 15 is likely to be the 
more accurate one for finding K , ,  in a given ensemble using 
similar sampling steps for the simulation. Note that establish- 
ing the number of solute species to evaluate GT2 for the fluc- 
tuation integral approach is not straightforward, while no such 
ambiguity exists for the pressure gradient method, since the 
derivative ( d P / d ~ ~ ) ; , ~  is evaluated from calculations done at 
conditions of 0, 1, and 2 solute species. 

Computational Procedures and Other Simulation 
Details 

We chose to study a model system similar to that used by 
Munoz et al. (1995) in their integral equation study of the 
near-critical behavior of GY,, GT2, and GY2. The intermolec- 
ular potential functions, reduced temperature, and density 
conditions studied are shown in Table 1. These potential pa- 
rameters represent a large solute solvated in a solvent de- 
scriptive of so-called “attractive solutions” (Debenedetti and 
Mohamed, 1989) which are of most interest in supercritical 
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Table 1. Lennard-Jones Parameters of Solute and Solvent 
Species at Reduced Conditions 

Solute-Solute Solute-Solvent Solvent-Solvent 

q, (A)  5.37 4.60 3.83 
€,,(K) 378.21 278.23 204.68 

T *  = kT/E,, = 1.5 and p *  = Nu&” = 0.35 

fluid technology. The cutoff distance used for these simula- 
tions was 4uZ2 (four solvent diameters), which was more con- 
servative than that used in our recent simulation work involv- 
ing solvation free-energy calculations in near-critical mixtures 
(Li et al., 19931, where a cutoff range of three solvent diame- 
ters was shown to be sufficient for providing good agreement 
between integral equation theory (which implicitly accesses 
long-range structure) and simulation results. Two sampling 
systems were used, a large one where the total number of 
molecules included 980 solvent species and 20 solute 
molecules, as well as a smaller system involving 216 total 
molecules of which 4 were solute species. This choice of so- 
lute mole fraction was guided by integral equation results that 
under these conditions the pair correlation functions for this 
2% solution were virtually identical to that of the infinite di- 
lution result, which can be established from the theory in a 
straightforward manner (Munoz et al., 1995). Hence an en- 
semble size maintaining 2% solute should in principle pro- 

3 

Figure 2. Pair correlation functions for the Lennard- 
Jones system in Table 1, with solute mole 
fraction x, = 0.02. 
Solid line calculated with the Percus-Yevick equation and 
dotted lines calculated with Monte Carlo simulations using 
5x lo7 sampling steps for the averaging phase and 1,000 
sampling molecules. 1 denotes solute species and 2 denotes 
solvent species. T *  = kT/eZZ and p* = Nu&”. 
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vide a good approximation to the infinite dilution limit and 
computer simulation results using the 1,000-particle ensem- 
ble in comparison to theory at the limit of infinite dilution 
(Figure 2). Both sets of results agree well except for the so- 
lute-solute pair correlation function, which is the most diffi- 
cult of the solution correlation functions to establish accu- 
rately. 

Large system simulations for the correlation fluctuation in- 
tegral approach (Eq. 16) included an equilibration phase of 
5 x 10‘ configurations followed by an additional averaging 
phase of 5 X lo7 configurations. Small system simulations for 
both approaches included an equilibration phase of 4.32 X lo5 
configurations followed by an additional computational aver- 
aging phase consisting of 4.32 X 10‘ configurations. The algo- 
rithm for the pressure calculations required in Eq. 15 was 
based on that described by Allen and Tildesley (1987). For 
the derivative (dP/dx,)”,, three conditions were chosen cor- 
responding to 0, 1, and 2 solute species, respectively. In addi- 
tion, after the simulations were completed the radial distance 
for establishing various integrals was found by evaluating the 
distance beyond which the various pair correlation functions 
assumed a value of unity. This was found to be r > 4.5 uZ2 
for g;“l and r > 4 u22 for g;02 and gTz. 

Results 
The first set of results in Figure 3 are meant to demon- 

strate differences between large and small system simulations 
for the solute-solute pair correlation function at conditions 
similar to those in Figure 2. The fluctuations in the 
solute-solute pair correlation function, especially beyond the 
first solvation shell, are in evidence, even when using the large 
system for the simulations. This is not the case for the sol- 
vent-solvent pair correlation function, as shown in Figure 4 
where the system size dependence appears to be much 
weaker. However, the same is not true for the solute-solvent 
function results in Figure 5 ,  where the more pronounced 
fluctuations in the small system results are clearly shown. 
Figure 6 shows simulation results for the quantity (dP/dx,)”,,, 
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Figure 3. Solute-solute correlation functions calculated 
by Monte Carlo simulations. 
Solid line denotes the calculation results done with 1,000 
sampling molecules, including 980 solvents and 20 solutes, 
where the averaging phase consists of 5 x lo7 sampling steps, 
and dotted line denotes the calculation results done with 216 
molecules where the averaging phase consists of 4,320,000 
sampling steps. T” = 1.50 and p *  = 0.35. 
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Figure 4. Solvent-solvent correlation functions calcu- 
lated by Monte Carlo simulations. 
Solid line denotes the calculation results done with 1,000 
sampling molecules where the averaging phase consists of 
5 X 10' sampling steps, and dotted line denotes the calcula- 
tion results done with 216 molecules where the averaging 
phase consists of 4,320,000 sampling steps. T *  = 1.50 and p *  
= 0.35. 

where the simulation results have been fit to a straight line 
using least squares. This quantity is required for finding K , ,  
using Eq. 15, and derivatives of this nature (at constant den- 
sity) are well-behaved, even in the vicinity of a critical point, 
as discussed by Munoz et al. (1995). 

The numerical counterpart to the graphical results in Fig- 
ures 3-6 are provided in Table 2 with standard deviations 
reported for all results. We have also included results for K,,,  
using the exact formulation provided by the Kirkwood-Buff 
theory as given in Eq. 4. Table 2 illustrates a number of im- 
portant aspects relevant to the ideas described in previous 
sections. The values for K, , ,  Henry's law correction term, are 
shown calculated using three different approaches described 
earlier, with both system sizes used for all the respective sim- 

. . . . . . . . . 
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r P 2 2  
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Figure 5. Solute-solvent correlation functions calcu- 
lated by Monte Carlo simulations. 
Solid line denotes the calculation results done with 1,000 
sampling molecules, including 980 solvents and 20 salutes, 
where the averaging phase consists of 5x lo7 sampling steps, 
and dotted line denotes the calculation results done with 216 
molecules where the averaging phase consists of 4,320,000 
sampling steps. T* = 1.50 and p1 = 0.35. 

1 

0 0  0 0020 0 0040 0 0060 0 0080 0 010 

x ,  (mole fraction of solute) 

Figure 6. (t9P/t9x,):,, calculated by least squares lin- 
ear fitting of three pressure data correspond- 
ing to three different sampling compositions 
including 0, 1, and 2 solute species, respec- 
tively, with the same total sample size-216. 
T' = 1.50 and p *  = 0 35. 

ulations. The extreme system size dependency of the method 
using the exact prescription for K, ,  provided by the Kirk- 
wood-Buff theory (see Eq. 4) is clearly in evidence. In the 
large sampling system (NT = 1,000), the value of K , ,  pro- 
vided by the Kirkwood-Buff method is almost a factor of 2 
different from the small system result, a result we attribute 
mainly to the large variations in G;", with system size that 
cannot be accurately established even in the large system 
(Figure 2). The Kirkwood-Buff approach unfortunately has 
the disadvantage of explicitly requiring G;", and Gy2 to be 
established accurately. The correlation fluctuation integral 
approach (Eq. 16) also shows a reasonably strong system size 
dependency, although it is much less pronounced than the 
Kirkwood-Buff result. The result with the fluctuation inte- 
gral approach (Eq. 16) using the large system is considered 
to be accurate given that the required pair correlation func- 
tions appear to be found quite accurately (Figure 2). The 
pressure gradient method (Eq. 151, which does not require 
the explicit evaluation of any of the solute pair correlation 
functions, shows the weakest size dependency of all three ap- 
proaches with a decrease in standard deviation in the larger 
system. The results, with this method with both the large and 

Table 2. G:,, GT2, GT2 and K , ,  at Various Sampling Sizes 
NT = 1,000 and 216 at T* = 1.50 and p* = 0.35 

NT = 1,000 NT = 216 

G;", ('49 1,280 f 20 1,700+300 

18.9 k 0.7 G;* ('49 22.7 f 0.6 
G;; ('49 370+2 320 f 20 

7 

- 510 f 40 ( E) 7 , p  (atrn) 
- 500 k 30 

7+2'  
3.2f0.7* 
4.6k0.8' 

3.5k0.2' 
4.10f0.08* 
4.3 f 0.4' 

KI I 

*Here, the superscript 1 denotes the simulation results of the 
Kirkwood-Buff method (Eq. 4), 2 denotes the integral equation method 
(Eq. 16) and 3 denotes the pressure gradient method (Eq. 15). 
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small system sizes, are in reasonable accord with that pro- 
vided by the correlation fluctuation integral method in the 
large system. 

=partial molar volume of species i 
V = volume 

2 =solvent molecule 
x , , ~ ~  =mole fraction of solute obtained using Henry’s law 

Conclusions 
The results of this study clearly show the effects of the 

choice of a number of solute molecules, and by extension sys- 
tem size, in establishing accurate simulation results for the 
infinite dilution correlation fluctuation integrals in dilute bi- 
nary mixtures. This is especially true for the pair correlation 
functions involving the dilute solute species, that is, GT, and 
GY2, where very large systems and concomitantly large com- 
putational times are required to promote accuracy in these 
calculations. These results also have important implications 
for establishing simulation methods aimed at providing cor- 
rections to thermodynamic properties that have been evalu- 
ated based on the use of the infinite dilution limit like the 
Henry’s law approach, a main focus of this study. Various 
approaches for calculating K,,, the basis for the first-order 
correction term to the Henry’s law approximation for solubil- 
ity predictions in supercritical mixtures, have been discussed. 
The first uses the Kirkwood-Buff result for K,, and explic- 
itly requires both G?, and Gy2 for its use. The results here 
have shown that these functions are very sensitive to system 
size and cannot accurately be found even in the largest sys- 
tem used. This is a major drawback for this particular ap- 
proach. The correlation fluctuation integral approach studied 
is less system size dependent, since it only requires the evalu- 
ation of GT2, with the least size dependent approach the 
pressure gradient method, which does not explicitly require 
the evaluation of any of the solute pair correlation functions. 
As a result, it is probably the best method if small system 
sizes are used that greatly reduce the computational times 
for these calculations. Perhaps its biggest advantage revolves 
around the issue of choosing the number of solute species 
and system size for the calculations. This specification for 
both the Kirkwood-Buff and fluctuation integral methods is 
not straightforward without extensive trial and error to deter- 
mine these values. This is not the case for the pressure equa- 
tion approach as described earlier. In general the use of inte- 
gral equation results as a guide to system size specification, 
as was done in this study, will not be easily available, espe- 
cially if simulations using more complicated site-site poten- 
tials are of interest. 
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Notation 
k = Boltzmann’s constant 

P =pressure 
T =temperature 

K ,  =isothermal compressibility 

T* =reduced temperature with respect to energy well depth of W 
parameter ( = Kt/E22) 

Greek letters 
E = well-depth parameter of Lennard-Jones energy function 
(r =collision diameter of Lennard-Jones energy function 
p; = solute’s residual chemical potential 
p *  =reduced density with respect to collision diameter 

( = N(r&’V) 
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